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ARTICLE INFO ABSTRACT
Received: 3 Jun 2024 The study outlines the early-stage development of a free-response General Relativity Concept
Accepted: 25 Jul 2024 Inventory (GRCI), an educational instrument designed to test for conceptual understanding of

General Relativity. Data were collected for the study by having 26 participants from General
Relativity courses work through the questions on the GRCI. Interviews were conducted with four
of the participants to gain further insight about their experience of working through the GRCI.
The written responses revealed that participants were proficient when answering questions
which required mathematical thought processes, but were more limited when answering
questions which required conceptual and physical thought processes. The interviews revealed
that participants found that free-response questions were appropriate to test for conceptual
understanding of General Relativity. Participants identified that General Relativity has physical
interpretations and mathematical constructs, and both are important to understand the theory.
Participants thought that the GRCI could be given a formative purpose in a teaching context. The
study was proof of concept in scope, with the aim of highlighting important points pertaining to
the feasibility and development of the GRCI. Additional work to further investigate the above
points highlighted by the study is encouraged.

Keywords: general relativity, concept inventories, student reaction, conceptual understanding,
physics education

INTRODUCTION

Concept inventories are instruments used in Physics Education Research to measure the conceptual
understanding of students (Smith & Tanner, 2010) and to investigate the effectiveness of various teaching
interventions (Porter et al., 2014). This is achieved by getting the students to answer the questions on the
concept inventory first before instruction, and then a second time after instruction. Comparison of the pre-
instruction and post-instruction scores reveals which concepts students still struggle with after instruction
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(Bailey et al., 2012). This allows teachers to develop new teaching approaches and methods to focus on
teaching these concepts.

The first concept inventory was the Force Concept Inventory (FCI) (Hestenes et al., 1992), designed to test
conceptual understanding of Newtonian mechanics. The FCl includes 30 multiple-choice questions, each with
one correct answer and a number of incorrect distractors, reflecting common misconceptions. Following on
from the FCl, several other concept inventories were developed for a variety of subject areas in physics and
astronomy. Examples of these inventories include the Force and Motion Conceptual Evaluation (Thornton &
Sokoloff, 1998), the Astronomy Diagnostics Test (Hufnagel, 2002; Zeilik, 2003), and the Star Properties Concept
Inventory (Bailey et al., 2012).

Concept inventories are typically designed to contain minimal mathematical content (Lindell et al., 2007),
owing to their focus on evaluating conceptual understanding. In addition, concept inventories are usually
administered as a pre-test and a post-test, as previously noted (Bailey et al., 2012). At first glance, the concept
inventory format seemingly appears unsuitable for mathematical physics topics, as students are unlikely to
have sufficient prerequisite knowledge to answer the concept inventory questions before instruction has
taken place. However, students are still capable of having intuitive (and often incorrect) ideas about
mathematical physics topics before instruction, and these ideas should be modified somewhat after
instruction has taken place. Following on from this idea, a number of concept inventories corresponding to
mathematical physics topics have been developed and tested. For example, there are concept inventories
covering content from Quantum Mechanics (Dick-Perez et al., 2016) and Electromagnetism (Baily et al., 2017;
Ding et al., 2006). Furthermore, there is a concept inventory which tests understand of content from Special
Relativity (Aslanides & Savage, 2013). Of note, this inventory does not cover topics from General Relativity.

General Relativity is a mathematical physics topics which is noted in the literature as being difficult to teach
(Burko, 2017). Alongside the complex mathematics which underpins the subject, General Relativity also has a
deep conceptual grounding, exemplified by the original thought experiments used by Einstein to conceive
and develop the subject (Stannard et al., 2017). Because of the abstract nature of the subject, students will
not have the same kind of pre-existing conceptions about General Relativity as they do with Newtonian
Mechanics, where students already have an Aristotelian understanding of Force and Motion from their
everyday experiences. However, General Relativity still appears in daily life, even if students do not realize
this. For example, GPS systems and motions of celestial bodies are both underpinned by concepts from the
subject. Further, students will have intuitive ideas about the nature of space and time from their own
experiences, and many of these break down on the relativistic scale (Conlon et al., 2017). Consequently,
General Relativity has some surprising and counter-intuitive results, such as black holes and the expansion of
the Universe.

Much like the other cases from mathematical physics above, it is unlikely that students would have
complete understanding about the nature of space and time without instruction on the subject. However,
physics students typically have exposure to popularized concepts, such as curvature around massive objects,
prior to studying General Relativity in detail. This gives value to investigating the suitability of a pre-test, post-
test format for a concept inventory based on the topic. Putting these ideas together, developing a concept
inventory for content from General Relativity could provide useful insight into the teaching, learning and
understanding of the subject. This idea forms the rationale for the current study.

The aim of this work is to outline the early-stage development of a new concept inventory, the General
Relativity Concept Inventory (GRCI), which covers topics from the subject of General Relativity. The questions
on the GRCl are in the free-response format, meaning that students have to write their own responses to the
questions. Previous work has been conducted with the aim of developing a free-response concept inventory
for the subject of Newtonian mechanics (Parker et al., 2023; Rebello & Zollman, 2004), which is a less
mathematically involved physics topic. Within this context, the current work acts as a proof of concept for the
idea of employing free-response questions in a concept inventory for a mathematically involved physics topic,
General Relativity. As such, this work details analysis of data gathered from responses to the GRCI questions
and corresponding interviews with physics students who answered the GRCI questions.

The study was guided by the following research questions:
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RQ1: How can a concept inventory containing free-response questions be used to test conceptual
understanding of General Relativity?

RQ2: What thought processes are used by students to answer the GRCI questions, and how do students
react to the conceptual nature of the questions posed in the GRCI?

METHODS

Background

Questions were required for the proposed GRCl in order to conduct the study. Material from two General
Relativity courses at a UK university and consultation with academics whose backgrounds were in
Astrophysics, Relativity and Cosmology were used to investigate which concepts are covered in a typical
General Relativity course. Based on these sources, four topics were chosen as the basis for the GRCI. These
topics are labelled as T1, T2, T3 and T4 below.

e Frames of Reference [T1].

¢ Ingredients for General Relativity (Principle of Equivalence and Curvature) [T2].
e The Einstein Field Equations [T3].

e General Relativity and Cosmology [T4].

The GRCI contained 10 questions, with two questions corresponding to [T1]; three questions
corresponding to [T2]; two questions corresponding to [T3]; and three questions corresponding to [T4]. These
were the GRCI questions used to conduct the study.

Data Collection

Response data was required to investigate and develop the GRCI questions. Since this work was proof of
conceptin nature, the GRCI questions were still in the development phase during the study. Taking this context
into consideration, data were collected from students who had some familiarity with the subject of General
Relativity. This choice of participants was made because students who knew some content from the subject
matter would be better poised to identify if there were any issues with the questions than students who had
not previously encountered the subject. As such, this choice was made to facilitate the development process.

The Institute of Physics (2024) does not require General Relativity to be taught in the physics degrees it
accredits, so within the UK and Ireland, General Relativity is not taught at all universities, though it is
sometimes included. Data collection efforts focused on students taking General Relativity courses at three
very different UK universities. In what follows, the three institutions are referred to as Institution A, Institution
B and Institution C.

Students from the three higher education institutions were invited to attempt the GRCl| questions.
Students who participated in the study were close to the end of an undergraduate physics degree. These
students all had similar subject backgrounds and levels of study experience. Participants would have had
different levels of previous exposure to the topics covered in the GRCI, based on what had been covered on
each General Relativity course. No effort was made to gather students of different demographics, as
investigating responses based on demographics was not the aim of this study. Further, no feedback was given
to GRCI test-takers about their performance, as concept inventories do not usually provide feedback (Parker
et al., 2022).

Each institution administered the GRCI in a different way. At Institution A, the GRCI questions were
administered online. Nine students completed the GRCI in this way, and the results were collected by
downloading them directly in electronic form. At Institution B, the GRCI questions were administered on
paper; 13 students completed the GRCI in this way, and the results were manually collected together into a
spreadsheet. At Institution C, the participants did the GRCI questions on paper, and a short interview about
the experience followed. Four students completed the GRCI in this way, and each of them received an Amazon
voucher worth

£20 in appreciation of their involvement. The written GRCI responses were manually collected together
into a spreadsheet, and the interview responses were transcribed manually.
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The study made use of 26 participants, and was proof of concept in scope. The data collected from
participants were to give insight into the feasibility of the GRCI, including student reaction and written
responses to the questions, and to highlight any development issues with the instrument. It is noted that
testing and interviewing a greater number of participants would have been useful, but there were not large
numbers of students available on General Relativity courses. This is acknowledged as a limitation of the study.

Data Analysis

There were two components to the data. The first were the written answers given by the 26 participants
to the GRCI questions. The second were the verbal responses given by the four participants from Institution
C to the interview questions. Although the study made use of a smaller number of participants, the data
collected provided a rich data set to analyse. Both parts of the data were used to address different aspects of
the research. The GRCl interview responses were used to find out what the participants thought of the GRCI
and to gauge their reaction to it, while the written responses were used to investigate the concepts that
students used when giving their answers. The findings from both parts of the data were used to draw
conclusions about the feasibility and development process of the GRCI.

Following on from the above considerations, both parts of the data required different treatment. Owing
to the variety of the data and the smaller sample size, a Mixed Methods (Catalyst Harvard, 2024) approach was
selected to analyse the data. The Mixed Methods approach combines different research methods, drawing
on the strengths and advantages of each. Mixed Methods provides a meaningful description and explanation
of the available data, facilitating the interpretation of results and helping to understand the broad applicability
of findings from studies with smaller sample sizes. This approach lends its strengths to the current proof of
concept study, where the number of participants was small, while the data collected was rich in meaning.

The GRCI response data from the 26 participants formed the first data set. The responses were gathered
into a spreadsheet, and marked against model answers. Marking was binary, with a mark of 1 awarded for an
answer that was judged to be correct, and a mark of 0 awarded for an answer that was judged to be incorrect.
The content and semantics of the responses were examined to investigate what concepts the participants
were using to answer the GRCI questions.

The GRCI interview data formed another data set, and Thematic Analysis (Braun & Clarke, 2006; Braun et
al., 2014) was used to find underlying themes. Thematic Analysis can be used to analyse a qualitative data set
drawn from a study which uses a small number of participants. The data are difficult to understand in its raw
form, so Thematic Analysis reduces the data into a form which can be interpreted. This reduction process
results in the eponymous themes of the method. This approach prevents the investigator from drawing
arbitrary conclusions from the data, since the themes are emergent from the rate of occurrence of underlying
codes within the data set. The version of Thematic Analysis outlined by the University of Auckland (2024) was
used to analyse the interview data in the current study.

RESULTS

Findings from the GRCI Responses

The concepts used in correct answers to the GRCI questions and misconceptions used in incorrect answers
to the GRCI questions are considered below. The topic of Frames of Reference was tested in Q1 and Q2 of the
GRCI. For Q1, correct answers referred to Newtonian gravitation being an approximation, whereas incorrect
answers repeated information from the question without reaching the required conclusion. For Q2, correct
answers referred to the observer being in a non-accelerating state of motion, while incorrect answers were
unable to reach this conclusion about the observer’s state of motion.

The topic of Ingredients for General Relativity (Principle of Equivalence and Curvature) was tested in Q3, Q4
and Q5 of the GRCI. For Q3, correct answers referred to the observer being unable to tell whether their motion
was due to the effects of gravity or accelerating motion. Incorrect answers to Q3 arose where students were
unable to properly interpret the Principle of Equivalence. For Q4, correct answers referred to the Curvature
of the non-Euclidean space; incorrect answers instead named a type of geometry, such as spherical geometry,
without giving further explanation. For Q5, correct answers identified that Curvature gives rise to the non-
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Euclidean spaces required for the geometric view of spacetime used in General Relativity, whereas incorrect
answers failed to make this realization.

The topic of The Einstein Field Equations was tested in Q6 and Q7 of the GRCI. For Q6, correct answers noted
that the Einstein Field Equations determine the geometry of the spacetime; incorrect answers failed to
recognize this. For Q7, correct answers recognized that the energy-momentum tensor determines the matter-
energy inventory of the spacetime. Incorrect answers to Q7 did not make this connection between energy,
momentum and spacetime.

The topic of General Relativity and Cosmology was tested in Q8, Q9 and Q10 of the GRCI. For Q8, correct
answers identified that applying the Cosmological Principle simplifies the situation by assuming that the
Universe is homogeneous and isotropic, while incorrect answers were not able to capture this idea. For Q9,
correct answers noted that the matter-energy density of the Universe is thought to be at the critical density,
whereas incorrect answers did not recognize this. For Q10, correct answers noted that it is currently thought
that the Universe will expand forever. On the other hand, incorrect answers to Q10 typically listed other
possible scenarios for the fate of the Universe.

The written responses to the GRCI questions revealed strengths and weaknesses in the understanding of
the students. The incorrect answers to Q1 and Q2 revealed that students struggled to understand Frames of
Reference. This topic has been identified as being important for the overall understanding of General Relativity
in the work of Semon et al. (2009), as it provides a historical and conceptual link between Special Relativity
and General Relativity. The incorrect answers to Q3 showed that students were unable to apply the Principle
of Equivalence to solve a problem. This is consistent with the findings of Bandyopadhyay and Kumar (2010),
who highlighted the same issue.

Q4 and Q5 were about Curvature, whereas Q6 and Q7 were based on the Einstein Field Equations. Each of
these questions tested General Relativity topics that were mathematical in nature. Q4, Q5, Q6 and Q7 were
generally well-answered by the students. This outcome may be expected because General Relativity courses
are often mathematically grounded (Hartle, 2008). Q8, Q9 and Q10 were based on General Relativity and
Cosmology. The incorrect answers to these questions showed that students had difficulties interpreting the
results of General Relativity in the Cosmology context. This finding agrees with the work of Conlon et al. (2017),
which found that students have various ideas about the fate of the Universe.

The findings from the written responses to the GRCI questions can be summarized as follows. Incorrect
answers to Q1, Q2 and Q3 showed that students found the physical interpretation of General Relativity to be
difficult. Correct answers to Q4, Q5, Q6 and Q7 showed that students had a good understanding of the
mathematical aspects of General Relativity. Incorrect answers to Q8, Q9 and Q10 showed that students
struggled to apply the results of General Relativity to the Cosmology context. The students did well when
answering questions based on mathematical ideas, but encountered difficulties when answering questions
based on physical concepts. This may be a result of the structure of the General Relativity instruction that the
students received. This finding could be a useful consideration for the development of concept inventories
for other mathematical physics subjects.

Findings from the GRCI Interviews

For the interview data, Thematic Analysis identified 8 codes, which grouped together into 3 themes. These
were “Free-response questions are appropriate to test for conceptual understanding of General Relativity”,
“General Relativity joins physical interpretations with mathematical constructs, and both are important when
fluent with the theory”, and “The GRCI can be given a formative purpose”. Each of these themes are discussed
below.

Findings related to the “Free-response questions are appropriate to test for conceptual
understanding of General Relativity” theme

There were 2 codes associated with the “Free-response questions are appropriate to test for conceptual
understanding of General Relativity” theme. This theme was coded 26 times overall. The codes associated
with this theme are presented in Table 1. Unless otherwise stated, the occurrence of the codes was more or
less equal between the four participants.

European Journal of Science and Mathematics Education, 12(4), 489-501 493



Parker et al.

Table 1. Codes associated with the “Free-response questions are appropriate to test for conceptual
understanding of General Relativity” theme

Number of
Code .

times coded
Free-response questions made participants think (C1) 21
Free-response questions test understanding more thoroughly than multiple-choice questions (C2) 5

Table 2. Codes associated with the “General Relativity joins physical interpretations with mathematical
constructs, and both are important when fluent with the theory” theme

Number of

Code .

times coded
In responding to the GRCI questions, participants referred to the mathematical interpretations of General 5
Relativity (C3)
In responding to the GRCI questions, participants referred to the physical interpretations of General 29
Relativity (C4)
In responding to the GRCI questions, there were cases where the answer was difficult to articulate using 6
words (C5)
It was recognized that General Relativity could be used in the context of science engagement (C6) 2

For code C1, the participants noted that the open-ended format of the free-response GRCI questions was
different from the General Relativity questions that they were accustomed to, which typically sought algebraic
solutions. Furthermore, they noted that the free-response question type made them think about their
answers, since a semantic based approach was required to come up with the words to answer with.

In code C2, the participants contrasted the free-response format of the GRCl questions with their
experience of multiple-choice questions. They noted that free-response questions prevent test-takers from
making use of eliminate and guess and similar strategies when answering the questions. In addition, codes C1
and C2 highlighted that the participants were aware that the questions could be asked in multiple-choice
format. This suggests that the participants might have had previous exposure to concept inventories or other
related types of physics assessment.

Through codes C1 and C2, participants identified that free-response questions were appropriate for
testing for conceptual understanding of General Relativity, since the open-ended format gave them the
chance to express what they were thinking. Participants felt that having to come up with their own answers
was better suited for testing their General Relativity understanding than multiple-choice questions. With free-
response questions, participants noted that they had to think carefully about what they knew, and write
answers to articulate their ideas. This experience was contrasted with the multiple-choice question format,
where they would have selected from a list of options that somebody else had already written.

One participant went into further detail about how they approached different question types. They
reflected that mathematical questions can be solved in a procedural manner; multiple-choice questions can
be answered using an eliminate and guess strategy; and free-response questions require students to apply
their subject knowledge to be answered. The above observations indicate that different types of questions
can be used to test various types of understanding of General Relativity, such as mathematical understanding
and conceptual understanding.

Findings related to the “General Relativity joins physical interpretations with mathematical
constructs, and both are important when fluent with the theory” theme

There were 4 codes related to the “General Relativity joins physical interpretations with mathematical
constructs, and both are important when fluent with the theory” theme. Overall, this theme was coded 40
times. The codes associated with this theme are given in Table 2. Code C6 was referred to exclusively by
participant P1. It was retained for the analysis because it raised an interesting point about the appeal of
General Relativity as a subject.

In code C3, participants discussed the mathematical interpretation of General Relativity. They noted that
no calculations were required to answer the GRCI questions. For code C4, participants noted that they needed
to understand what they were writing about in their answers, because they were thinking about the physical
interpretations of the theory. In addition, participants identified the importance of understanding how the
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Table 3. Codes associated with the “The GRCI can be given a formative purpose” theme

Number of
Code .

times coded
Participants used experience of doing GRCI to reflect upon their understanding of General Relativity (C7) 29
Within an educational context, participants identified that the GRCI could be used as a teaching tool (C8) 5

theory of General Relativity was originally formulated, along with its physical and philosophical implications.
However, participants acknowledged that the physical interpretations of General Relativity could be difficult
to articulate using words. This idea was captured through code C5.

Through codes C3 and C4, participants identified that General Relativity is a mathematical and abstract
topic, and that it has physical consequences that are applicable in the everyday world. In code C5, participants
found that it was difficult to express these mathematical and physical ideas in words. Code C6 relates these
ideas to a science engagement context. One participant noted that General Relativity is an important topic
which would be of interest to a general audience, but that it would be difficult to explain the nuances of the
theory to such an audience. This is because a general audience would not have the mathematical fluency
required to understand the meaning and consequences General Relativity. In addition, the theory is difficult
to describe and explain using non-specialized language.

Through code C3, participants noticed that the GRCI questions were not mathematical, which contrasted
with their previous experience of General Relativity questions. Code C4 showed that the questions on the
GRCI made the participants look beyond the mathematics of the situations, and made them think about the
scenarios from a physical viewpoint. These points were identified as being both challenging and rewarding
tasks in codes C5 and C6. The GRCI questions helped the participants to understand the physical
consequences of the theory, thereby giving it some context within a larger conceptual framework. Related to
this, participants found that being tested on General Relativity conceptual understanding made them go back
and consider how the theory was formulated, what they key concepts really meant, and how these fitted
together to form the theory of General Relativity. These reflections showed that some participants thought of
General Relativity in mostly mathematical terms, which highlighted weaknesses when it came to interpreting
and understanding the results in a physical context. Taken together, the above points indicated that doing
the GRCI questions was a useful educational exercise for the participants.

One participant considered attempting to use General Relativity in a scientific outreach or engagement
context. General Relativity is an integral part of understanding space and time, but very few people ever gain
any exposure to the subject. General Relativity is frequently not taught as part of the undergraduate physics
curriculum (Hartle, 2008; Institute of Physics, 2024), meaning that even students who have chosen to study
physics may not encounter the subject during their studies. As such, only those who specialize in General
Relativity are ever likely to gain significant exposure to the subject. These considerations would need to be
taken into account in order to effectively use General Relativity in science outreach or engagement efforts.

Findings related to the “The GRCI can be given a formative purpose” theme

The “The GRCI can be given a formative purpose” theme was coded 34 times overall. This theme consists
of 2 codes, and these are given in Table 3. In code C7, the participants talked through the answers they gave
to the GRCI questions. Each participant reacted to how well they had done, and noted that they had not
answered some of the questions well. Furthermore, all of the participants identified that they would have
liked to get more detailed feedback on their work. The participants also discussed how the GRCI could be
used for teaching purposes in a General Relativity course, which was captured in code C8.

C7 showed that the participants reflected on how well they had answered the questions on the GRCI. Some
of the participants felt that they had forgotten the content required to answer the questions. This was because
the topics covered by the GRCI had been studied several months previously. As such, there were instances
where the participants were not confident in their answers. Furthermore, participants talked through their
line of reasoning when discussing questions that they had found to be difficult. All participants felt as if it
would have been useful to get feedback after completing the GRCI questions. Participants wanted to know
whether their answers were correct, and to highlight gaps in their understanding of the material. These
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Table 4. Different levels of the ‘knowledge’ dimension of Bloom's Revised Taxonomy

Knowledge level Meaning

Factual knowledge The student can recall basic facts related to the subject.

Conceptual knowledge  The student is able to put different elements of the subject into a knowledge structure.
Procedural knowledge The student can apply methods to solve problems within the subject.

Metacognitive knowledge The student is self-aware of their own levels of knowledge and cognition.

Table 5. Different levels of the ‘cognitive process’ dimension of Bloom's Revised Taxonomy
Cognitive process level Meaning

Remember The student can recall basic elements related to the subject.

Understand Student is able to determine meaning from recalled elements related to the subject.

Apply The student can carry out a method or procedure to solve a problem related to the subject.
Analyse The student can see how different parts of subject fit together as part of a bigger picture view.
Evaluate The student makes judgements based on their own understanding of the subject matter.
Create The student puts the different pieces of the subject together to form a coherent worldview.

findings agree with the idea from the literature that students in general like to get feedback on their work
(Parker et al., 2022; Zhu et al., 2020).

Looking forward, some of the participants went on to discuss potential future uses for the GRCI. These
ideas were captured by code C8. One participant suggested the possibility of using the GRCI in a small group
setting to address weaknesses and build conceptual understanding. This would use the GRCI as a teaching
intervention with real-time feedback, which is a different function from that of a standard concept inventory.
The suggestion of this participant is linked to the idea that feedback could be used to facilitate with conceptual
understanding, which has been suggested in the literature (Bulut et al., 2019).

DISCUSSION

Discussion - Learning General Relativity

Bloom's Taxonomy can be applied to understand the above ideas about gathering and building General
Relativity subject knowledge. Bloom's Taxonomy is a classification system for educational objectives. The
taxonomy was originally proposed as a one-dimensional construct (Bloom, 1956) based on knowledge. This
initial construct was subsequently revised into Bloom’s Revised Taxonomy (Krathwohl, 2002), which includes
the two dimensions of knowledge and cognitive process. The various tiers of these dimensions are given in
Table 4 and Table 5.

Within the context of Bloom’'s Revised Taxonomy, the importance of conceptual understanding for the
mastery of General Relativity is highlighted through the Conceptual Knowledge level from Table 4 and the
Understand level from Table 5. Conceptual understanding of General Relativity is underpinned by having
mathematical competence with the formulae and techniques of the subject, as well as having the ability to
interpret results in a physical setting. Referring again to the Bloom's Revised Taxonomy, the mathematical
competences required to solve General Relativity problems are underpinned by the Procedural Knowledge
level from Table 4 and the Apply level from Table 5. The capacity to interpret the results of such calculations
in a physical context pertains to the Analyse and Evaluate levels from Table 5.

Students with lower levels of expertise may struggle with one or both of the mathematical and physical
aspects of General Relativity, which in turn hinders their conceptual understanding of the subject. However,
Bloom’s Revised Taxonomy is a continuum, which means that such students have the potential to improve
their conceptual understanding by studying General Relativity and mastering both the mathematical and
physical aspects of the subject. This level of mastery comes when the student gains the ability to
independently move between both interpretations of the subject. Furthermore, this subject mastery allows
the student to explain the mathematical and physical interpretations to peers in their own words.

Within the context of the current GRCI study, the participants noted that General Relativity is a highly
mathematical subject, and that they had been taught it in a way that reflected this. In addition, participants
contrasted the mathematical aspects of the subject with the way that General Relativity can be applied
physically in the everyday world. This illustrated that the participants were aware that both mathematical and
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physical interpretations were important for understanding of the theory. This indicates that the participants
had started to work through the earlier levels of cognitive process outlined in Bloom's Revised Taxonomy. That
said, the participants did not yet have a full understanding of how the different aspects of the subject were
supposed to fit together to form the complete subject of General Relativity. This outcome is not surprising, as
the participants would not be expected to have attained the higher levels of cognitive process outlined by
Bloom's Revised Taxonomy after only initial study of the subject of General Relativity.

Discussion - Teaching General Relativity

Investigating the idea of giving feedback to the participants taking the GRCI was not an aim of this study
at the outset. However, the participants discussed feedback at length during the interviews. All of the
interviewed participants from the current study felt that it would be useful to receive feedback after answering
the GRCI questions. This aligns with the idea that students feel as if feedback is useful in general, which is an
idea that is well documented in the literature (Brown & Glover, 2006; Kluger & DeNisi, 1996; Zhu et al., 2020).
Expanding on this, the participants were interested in finding out whether their answers to the GRCI questions
were correct. In particular, the participants wanted to know where they went wrong, in order to highlight gaps
and weaknesses in their understanding. Use of feedback in this manner is an example of self-regulated
learning (Nicol, 2007), in which students reflect upon their performance and identify which topics they struggle
with. This self-reflection can then provide a basis to guide the future study of the student. This is an example
of how feedback can be used to encourage and support student-oriented learning.

In the context of the current study, it is worth recalling that concept inventories do not usually provide
test-takers with feedback about their performance upon completion. However, the idea of combing feedback
with concept inventories has previously been explored (Parker et al., 2022). General Relativity is an advanced
and complex subject, and the free-response format of the GRCI questions provides flexibility for discussion
between instructors and test-takers to take place. As such, feedback could be particularly useful for the GRCI.
This potential direction was highlighted during the interviews with participants about their experiences of
doing the GRCI. The participants noted that idea of getting feedback could open the way for new teaching
interventions based upon the GRCI. Drawing on their own experiences, participants proposed that discussion
of their answers could be the focus of tutorials with smaller groups or problem classes. This approach to using
the GRCI could provide context for the teaching of General Relativity, which could facilitate students’ learning
of the subject.

The literature details several attempts made to teach General Relativity using other context-based
approaches. Examples include the development of an interactive tool for investigating the geodesics of
different spacetimes (Muller & Frauendiener, 2011); the use of workshop sessions to teach about curved
spacetimes using black hole models (Zahn & Kraus, 2014); and the application of a teaching activity which
made use of gravitational wave data collected from the LIGO installations (Burko, 2017). Within a conceptual
context, Kaur et al. (2017) developed an approach based on analogies for introducing General Relativity
concepts at the school level. The authors were motivated to take this approach because Einsteinian physics
has a range of important real-world applications that students encounter in the everyday world. These
examples indicate that contexts exist where the GRCI could also be used to assist with teaching. Further
development of the GRCI in the teaching context could be an avenue for future research.

The findings from this study have important implications for the development of concept inventories for
General Relativity and other mathematical physics topics. When authoring the GRCI questions, it was found
to be difficult to disentangle the mathematics from the physics and concepts underpinning the theory of
General Relativity. This would be expected, since there is a high level of interplay between these three aspects
in the formulation of General Relativity. Similar issues were encountered during the development of concept
inventories for the mathematical physics topics of Quantum Mechanics (Dick-Perez et al., 2016) and
Electromagnetism (Baily et al., 2017; Ding et al., 2006), where the authors noted that testing for conceptual
understanding of these subjects is challenging because of the amount of mathematics involved. This
correlates with the findings from the current study in the context of Bloom’'s Taxonomy (Bloom, 1956;
Krathwohl, 2002), where appreciation of the mathematical, physical and conceptual dimensions of General
Relativity are required to demonstrate understanding and mastery of the subject.
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LIMITATIONS

The process used to develop the GRCI questions was largely successful. However, potential limitations
were also identified. First, the study involved a total of 26 participants. It would have been useful to have a
greater number of participants answer the GRCI questions and be interviewed about their experiences.
Having said this, the study was proof of concept in scope, with the aim of highlighting important points
pertaining to the feasibility and development of the GRCI. The smaller number of participants was sufficient
to complete this particular objective. Additional work to expand the potential scope of the study and further
investigate the points highlighted by the study is encouraged.

Second, there were instances in the GRCI questions where students were scaffolded towards giving a
particular answer. This included the use of key words and the instructions given in the questions. That said,
General Relativity is a complex subject which requires a certain level of detail and context for questions to be
posed about it. This means that some amount of scaffolding may be a necessary feature to properly set up
the GRCI questions.

Finally, General Relativity is a broad subject, which invertedly gives a subjective dimension to the process
of selecting key concepts to base the GRCI questions on. This issue arises because experts from different
areas of General Relativity, such as theoretical physicists and observational cosmologists, might select
different concepts to be the key concepts of the subject. This could potentially lead these experts to develop
versions of the GRCI that contain very different questions, based upon their own research expertise and
academic biases. Despite this, there should still be a number of concepts that all experts in the field of General
Relativity agree upon to be fundamental to the formulation and understanding of the subject. This consensus-
based idea was employed when selecting the concepts to base the questions on the GRCI upon.

CONCLUSIONS

The study investigated two research questions:

RQ1: How can a concept inventory containing free-response questions be used to test conceptual
understanding of General Relativity?

RQ2: What thought processes are used by students to answer the GRCI questions, and how do students
react to the conceptual nature of the questions posed in the GRCI?

The study was based on using free-response questions to develop a concept inventory for the
mathematical physics subject of General Relativity. The aim of the study was to highlight important points
related to the feasibility and development of the GRCI. The study involved a total of 26 participants, and was
proof of concept in scope. Data were collected by having the 26 participants work through the GRCI, and by
conducting interviews with four of the participants about their experience of answering the questions on the
GRCI.

In order to answer RQ1, the GRCI questions were developed and tested. It was noted from the literature
that concept inventories are difficult to develop for mathematical physics topics because of the interplay
between mathematics, physics and concepts. As such, identifying the conceptual grounding of General
Relativity taken as the fundamental starting point of the study. Concepts which formed the foundations of
General Relativity were used to draft questions for the GRCI. Getting expert review was found to be an
essential part of the process, as this reduced the potential for academic bias in the content of the questions.
No issues were found when students worked through the GRCI. The students understood what the GRCI
questions were asking, and provided answers to them in the intended way. Consequently, this limited pilot
study provided encouraging indicators for the potential use of the GRCl in a teaching context. Moreover, these
findings from the process used to develop and test the GRCI could facilitate future attempts to develop
concept inventories for other mathematical physics topics.

RQ2 contained two parts. In order to answer the first part of RQ2, the written responses to the GRCI
questions were analysed. This investigation revealed that students were less successful when answering
questions based on the physical ideas of Frames of Reference and the Principle of Equivalence, while they were
more successful when answering questions based on the mathematical ideas of Curvature and Einstein’s Field
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Equations. Further, the students tended to struggle to answer questions that required them to interpret
results from General Relativity in a Cosmology setting. Overall, this demonstrated that the students were
better at answering questions which required mathematical thought processes, but were less effective when
answering questions which required conceptual thought processes and physical interpretations of the theory.
These findings were consistent with the observation that the majority of General Relativity courses teach the
subject using predominantly mathematical approaches. This highlighted the potential use of the GRCI in a
teaching context, as it encourages students to consider the subject from a physical and conceptual standpoint,
while retaining appreciation of the mathematical characteristics of General Relativity.

In order to answer the second part of RQ2, the data gathered from the GRCI interviews were analysed.
The interviews revealed that the students felt that the questions on the GRCI were suitable for testing
conceptual understanding of General Relativity. Further, the students contrasted the conceptual questions
on the GRCI with the mathematical questions which they were familiar with from their previous studies of
General Relativity. Students proceeded to discuss the nature of General Relativity as a difficult and abstract
subject, and this gave rise to the idea of using General Relativity in science engagement ventures. Students
reflected upon their individual performance on the GRCI questions, and felt that receiving some level of
feedback from the GRCI would facilitate their learning and understanding of the subject. In summary, the
interviews allowed students to demonstrate their knowledge, highlight their weaknesses and stimulate
discussion about the subject of General Relativity. These findings indicate that the GRCl is a useful educational
instrument which encourages students to consider the conceptual dimension of General Relativity, and it
could be implemented to support the learning and understanding of General Relativity in a teaching context.

The findings from answering RQ1 and RQ2 highlight the possible use of the GRCl in a teaching context.
Mathematical physics topics such as General Relativity contain physical, mathematical and conceptual
dimensions, and grasping the interplay between these different characteristics is integral to gain an
understanding of the subject. An instrument such as the GRCI helps to bridge this gap in understanding by
having students consider the different aspects of General Relativity. Combining instruments similar to the
GRCI with feedback could encourage the development of student-oriented teaching approaches. The process
used to develop the GRCI could facilitate further efforts to develop concept inventories for mathematical
physics topics. Looking ahead, such instruments could prove to be useful in the teaching context for other
mathematical physics topics. Taken together, these findings are the main research output of this work.
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